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1 Introduction

In this lecture, we will delve into the realm of general nonsmooth problems and explore their underlying structure. We
begin by introducing the formulation of composite minimization problems. These problems involve minimizing a sum
of two convex and nonsmooth functions: f(x) and g(Ax), where A is a linear operator. In particular, we focus on the
following unconstrained optimization problem:

min f(x) + g(Ax). 1)

Examples of such problems include scenarios where g(Ax) could be the ¢; or {,-norm of the difference between Ax and
a vector b; i.e., ||Ax — b||; and ||Ax — b||%. Alternatively, it can be the indicator function, denoted as 6;)(Ax), which is zero
when Ax = b and infinity otherwise. The indicator function plays a crucial role in capturing constrained optimization
problems. In this specific example, it corresponds to the following minimization minyex{f(x) : Ax = b}. Since solving a
constrained problem is typically more challenging than solving an unconstrained problem, this composite formulation,
with the assistance of indicator functions, may offer advantages. With the development of specialized algorithms for
such problems, we can effectively address and solve these constrained optimization challenges. This would highlight
the broad applicability and efficiency of composite problems, making it a valuable tool in optimization.

Next, we will employ a tool known as Fenchel conjugation to transform the formulation in (1) into a minimax prob-
lem. This concept is similar to what we discussed when addressing GANs (Generative Adversarial Networks), where
we encountered a nonsmooth problem. By leveraging a technique called Kantorovich-Rubinstein duality, we were able
to convert it into a minimax form with differentiable terms. This technique aligns with the principles we are about to
explore through Fenchel conjugation.

2 Conjugation of functions

In optimization and convex analysis, the concept of conjugation of functions plays a fundamental role. It provides us
with a powerful tool for characterizing and understanding the properties of convex functions. In this section, we delve
into the definition and properties of Fenchel conjugation, a concept that enables us to explore the dual relationships
between convex functions.

Definition 1. (Fenchel conjugation) Given a proper, closed and convex function f : Q — RU{+co}, the function f* : Q" — RU{+o0}
such that

fy= s |y'x-f)

xedom(f)
is called the Fenchel conjugate (or conjugate) of f.

When we evaluate the conjugate function at a fixed vector y, it simply represents the maximum difference between
the linear function x”y and the function f(x). To gain a clearer geometric understanding, we can refer to Figure 1. In this
visual representation, we can interpret y as the slope. The maximum distance occurs at the point x. By lowering the red
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Figure 1: The conjugate function f*(y) is the maximum gap between the linear function x”y (red line) and f(x).

line by an amount equal to y"% — f(X), the shifted line (represented by the red dashed line) intersects the vertical axis
at the point —f*(y). Thus, when we want to evaluate the conjugate function at a specific point y, we consider all linear
functions with a slope of y and identify the one that lies below the function f(x) (depicted by the blue curve) and just
touches it. The point where this linear function intersects the vertical axis represents the value of the conjugate function.
Now, let’s delve into the crucial properties of conjugate function.

2.1 Properties of conjugate function
1. f*isa convex and lower semicontinuous function by construction as the supremum of affine functions of y.
2. The conjugate of the conjugate of a convex function f is the same function f;i.e., f* = f for f € F(Q).
3. The conjugate of the conjugate of a non-convex function f is its lower convex envelope when Q is compact:

(%) = sup{g(x) : gisconvexand g < f,Vx € Q}.

Proof of Property 2 and 3. For any f, we have

[0 = sup x'y- ( sup y'x—f (ﬁ))
yedom(f*) kedom(f)
= sup x'y+| inf f&- ny()
yedom(f*) Xedom(f)
= sup  y'x+1
yedom(f*),reR

st y'X+1< f(X) Y% € dom(f),
where dom(f) = Q. Thus, f** is the pointwise supremum of all affine functions not larger than f. By the envelope
theorem, f** = cl(conv(f)). If f is proper, convex and closed, then f = cl(conv(f)) and thus f** = f. O
4. [4, Theorem 3] For closed convex f, u-strong convexity w.r.t. || - || is equivalent to }1 smoothness of f* w.r.t. || - ||.-

Before proving proof of Property 4, we define strong smoothness to show a duality relationship between strong
convexity and strong smoothness.

Definition 2. (Strong smoothness) A function f : Q — R is u-strongly smooth w.r.t. a norm || - || if f is everywhere
differentiable and if for all x, y we have

1
fx+y) < fx)+(Vfx),y)+ z,ullyllz.
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Proof. First, [8, Lemma 15] yields one half of the claim (f strongly convex = f* strongly smooth). It is left to
prove that f is strongly convex assuming that f* is strongly smooth. For simplicity assume that u = 1. Denote
gy) = fF(x+y) — (f*(x) + (Vf*(x),y)). By the smoothness assumption, g(y) < %Ily”f. This implies that g*(a) > %||a||2
because of [9, Lemma 19] and that the conjugate of half squared norm is half squared of the dual norm. Using the
definition of g we have

g'@= sup (y-a) - g(y)
= sup (v.a) = (f"(x+y) = (f ) + (V). y))
= sup (y,a+Vfx)-fx+y)+ [
= sup (z-x,a+Vf(x)-f(2)+f X

=f@+ Vi) + (%) - (x,a+Vfi(x)

where we have used that f** = f, in the last step. Denote u = V f*(x). From the equality in Fenchel-Young (e.g. [9,
Lemma 17]) we obtain that (x,u) = f*(x) + f(u) and thus

g'@ = fla+uw) - fu) - (x,a).

Combining with g*(a) > jllal|?, we have

1
fla+w - fay-¢oa) > Sl @)

which holds for all a, x, with u = Vf*(x).

Now let us prove that for any point u’ in the relative interior of the domain of f that if x € df(u’) then w’ = Vf*(x).
Let u := Vf*(x) and we must show that u’ = u. By Fenchel-Young, we have that (x,u’) = f*(x) + f(u’), and, again by
Fenchel-Young (and f** = f), we have (x,u) = f*(x) + f(u). We can now apply Equation (2), to obtain:

0= <X’ ll> - f(ll) - (<Xs ll/> - f(ll,))
1
= f) = f@ = (u' —u) > i’ -l

which implies thatu’ = Vf*(x).

Next, let u;, u, be two points in the relative interior of the domain of f, let @ € (0, 1), and let u = au; + (1 — @)u,. Let
x € df(u) (which is non-empty ). We have that u = Vf*(x), by the previous argument. Now we are able to apply
Equation (2) twice, once with a = u; — u and once with a = u, — u (and both with x) to obtain

fQa) = f(w) = (x,u; —w)

v
i
e
|
£

fug) = f) = (xwp —w) 2 Sy — P,
Finally, summing up the above two equations with coefficients @ and 1 — a we obtain that f is strongly convex. O

Let’s now exemplify the conjugate of some commonly used functions.
Example 1. (Conjugate of £,-norm-squared) Let f(x) = 4|Ix|?, then f is A-strongly convex and A-smooth. From the Prop-

erty 4, we can expect the dual to be %-smooth and -strongly convex. By definition f*(y) = maxx(y,x) — %”XHZ, which is

concave quadratic in x, and we can find the maximum by setting the gradient equal to 0.

v s L ) = Syl = 1yl = — [l
0=y-" e x" =y = f(y)=lyl* - lyl* = Iyl

It is 1-smooth and -strongly convex, as expected.

IThe set df(u) is not empty for all u in the relative interior of the domain of f. See the relative max formula in [2, page 42] or [7, page 253]. If u is not
in the interior of f, then df(u) is empty. But, a function is defined to be essentially strictly convex if it is strictly convex on any subset of {u : df(u) # 0}.
The last set is called the domain of df and it contains the relative interior of the domain of f, so we are fine here.
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Example 2. (Conjugate of £;-norm) f(x) = Alx|l; = f*(y) = max(y,x) — A||x||;. By definition of the {;-norm:
F1(y) =max > yix; = Alx| = max Y ysign(x)lxil - Al = )" max yisign(x)lx| - Al
R R =1

The second equality decomposes x; into its sign and its absolute value. The third decomposes the maximization over the
components. Since this is a non-differentiable at 0, let’s observe it case by case.

e Ifall [yi| < A, then Vi, (y;sign(x;) — Dlx;| < 0. Taking x = 0 gives the maximum value: f*(y) = 0.
e If for at least one i, |y;| > A, (y;sign(x;) — D)|x;| = +o0 as |x;| = +oo.

0, if llyllo < 4,

Th f y * = 6 -l < =
erefore, f*(y) = Oy;..<a(y) {+oo’ if lylle > A

Recall from the dual norm Allyll; = sup,{(x,y): |Ixlle < 4}. Additionally, as discussed in Section 1, we can convert a con-
strained optimization problem into an unconstrained one using an indicator function. When we perform this conversion,
we have the following equivalence:

Altyll = suptx,y): ko < A} = supx, y) = Sy a0} = G ca(¥).

where 67, _, is the conjugate of 6y <,- This observation also illustrates a specific instance of a more general principle:

the Fenchel conjugate of a norm corresponds to the indicator function defined on the unit ball of the dual norm. In this
case, we observe this relationship for the £;-norm and the {,-norm.
3 General non-smooth problems
Let’s go back to our composite formulation.
min £(x) + g(Ax)
X€eR?

Now by using Fenchel-conjugation of a convex function and its property in Property 2, g(Ax) = maxy(Ax,y)—g*(y), where
g" is the conjugate of g, we can reformulate it as a minimax problem.

Bel]lRl‘pl f(x) + g(Ax) = Xneljgll m}gx{(l)(x, y) = f(X) + (Ax,y) — g*(y)}

Because (Ax, y)—g*(y) is a sum of an affine and a concave function, it is concave iny. f(x) is already assumed to be convex
in x, hence we obtain a convex-concave min-max problem. As we will see in Lecture 14, there are efficient methods to
solve such problems such as the Extra-Gradient algorithm [5].

3.1 Min-max reformulation

We now see a special case of (1), i.e., when g is the indicator function to address the linearly constrained problems.
Suppose we want to solve
min{f(x) : Ax = b}. (3)
X

To this end, we first reformulate it as an unconstrained problem via indicator function trick, then we replace the indicator
function with its conjugate formulation to obtain a min-max problem. In this case,

0, ifAx=h,

A =9 A =
8(AX) = Opp)(Ax) {Jroo,ifoib-

gy = max(y, x) — 6 (x) = gglg(y, x) = (y.,b).
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The second identity holds because if x # b, negative indicator function evaluates to —co. However, since the problem
maximizes it would push x to be equal to b.
We reach the minimax formulation via conjugation:

min{f(x) : Ax = b} = min f(x) + g(Ax) = min max f(x) + (Ax — b, y). 4)
X X X y

This is what we call the “Lagrangian” formulation. It is particularly intriguing because when we set up this min-max
problem, we are essentially making sure that the constraint Ax = b is satisfied; otherwise, since (Ax — b, y) is a linear
function in y, it can easily go to infinity. If we consider this as a game between two players with playing strategies x and
y, the ”y” player forces the “x” player to satisfy Ax = b while ”x” player is still trying to minimize the function f(x). This
framework can be considered as the bilinear min-max template. More generally, the bilinear min-max template has the
following form.

min max f(x) + (Ax, y) — h(y),

xeX yeY
where X C R and Y CR”, f: X —» Ris convex, and i#: Y — R is convex.

In the next example, we see that a potentially more complex problem can be formulated as in the template (3).

Example 3. (Sparse Recovery) In the context of MRI and sparse recovery, we use the Basis Pursuit Denoising (BPDN)
formulation to find a sparse solution for an image. This formulation is expressed as:

x* € argmin {|ix]l; : |Ax = bll, < Wik, lIxlleo < 1} (BPDN)

It seeks to find a sparse solution x, representing the image we are recovering while satisfying two constraints: Ax — b
should be within an acceptable level of noise, where A represents the sub-sampled Fourier data, and the image coeffi-
cients are bounded.

An alternative formulation:

An equivalent formulation to (BPDN) can be given as

* rrelTig{f(x):Ax—be‘K, x € X}. (5)

x
The above template captures BPDN formulation with

* f(x) = |Ix|l;, a convex function.

o K ={|ul| e R": |Jul| <[|wl||z}, a convex set.

e X ={xeR’:|x|o < 1}, also a convex set.

Now that we simplified the formulation, as a next step, we will see how to reformulate this as the simple form:

min(f(x) : Ax = b}.

To this end, we will use a technique called lifting from convex optimization to address the problem by moving it into a
higher-dimensional space.

Reformulation between templates:
As the first step, let us define some auxiliary variables r; = Ax—b € R” and r; = x € R”. Thus, solving the below problem
is equivalent to solving (5).

min {f(x) rreK,roe X,Ax-b = rl,x:rz}.

X, I,
* A Ly 0 b
As the second step, let’s define z = ||| € R A = [I 0 e _pr }, b= [0], f(@) = f(X) + 6xc(x1) + Sx(12),
I rxp Opxn Pxp

where 6x(x) = 0, if x € X, and dx(x) = +c0, otherwise. The simplified template yields the lifted problem:

min {f(z) cAz = B}.

zZ€R2p+n
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As a result, (BPDN), a potentially more complex problem, can be reformulated into a simpler convex function minimiza-
tion problem with an affine constraint, as seen in (3). This transformation can offer significant advantages, especially if
we have access to efficient algorithms to solve (3). However, it is worth noting that the process of dimension lifting can
also introduce additional complexity. Since both (BPDN) and (3) represent convex optimization problems, the choice of
formulation should be made carefully, taking into account the specific characteristics and requirements of the problem at
hand.

There are other reformulation techniques for our general template (3), which can be found in the standard convex
optimization literature such as linear programming, convex quadratic programming, second order cone programming, semidef-
inite programming and geometric programming. Since these formulations are well-documented, one can often leverage
general-purpose solvers to tackle the problem. However, the feasibility and effectiveness of these techniques depend on
the specific characteristics of the problem. Moreover, there is a plethora of other reformulation techniques available, cen-
tered around the idea of converting unconstrained problems into convex forms through techniques like convex splitting.
Examples include composite convex minimization and consensus optimization, among others.

Going back to our minimax formulation, it is crucial to question whether we can swap the order of min and max
within the minimax formulation and how it can be useful in finding a solution for such problems. The next section
introduces answers to these questions through the duality concept.

4 Dual problem

In this section, we discuss when we can change the order of min and max in the minimax formulation. This interchange
can yield certain advantages in solving the problem. To better understand this, we introduce the concept of the dual
maximization problem:
d(y) == in f(x) + (y, Ax — b)}.
max (y) ‘;l%’n‘{iléﬂk? f00 +{y, b)}

d(y)

Note that even if f(x) is not convex, d(y) is concave. This is because for each x, d(y) is linear; i.e., it is both convex and
concave. Furthermore, pointwise minimum of concave functions is still concave.

Remark: If we can exchange min and max, we obtain a concave maximization problem, which is “usually”’ easy to deal
with.

Example 4. Suppose f(x) = %IIxII%. Then d(y) := maxycr {minycgy %HXH% —(y,Ax — b), and we are solving

1
max d(y) = ryr;%"{ig]g; 5 lIxllz = <y Ax = b)}.

Inner problem is a minimization of a quadratic convex function, hence, the minimum can be found by setting the gradient
equal to 0.

Vx(%||x||§ — (Y, AX-b))=x"-ATy=0 & ' =ATy = d(y) = %yTAATy -y (AA'y -b) = —%yTAATy +y'b

Then the min-max problem reduces to

_ 1 T T T
maxd(y) = max -7y AATy+y'b

The objective is to maximize a negative quadratic function, thus again similarly global maximizer can be found by
Vy(d(y) =-AATy* +b =0 < y* =(AA")"'b

Plugging this into x*, we get x* = AT(AAT)™'b. This is the same solution as the least-squares solution!

In this example, we easily solved a minimax problem, although such problems are generally difficult. If certain con-
ditions are met, we can apply the same techniques to solve other challenging problems. We will explore these conditions
after discussing another example of a dual problem.
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Example 5. (Non-smoothness of the dual function) Consider a constrained convex problem:

min {f(x) = x% + 2xz} ,
x€R3
s.t. ZX3 —X] —Xp = 1,

xe X :=[-2,2] x[-2,2] x [0, 2].

Let A € R be the dual variable (or Lagrange multiplier) associated with the constraint 2x3 — x; — x, = 1. Notice that the
number of constraints and the dimension of the dual variable should match (1 in this case). The dual function, as written
below, is concave.

d() = min {x] +2x, + AQ2x3 - x = x, = D}
xeX

The dual function’s nature is further illustrated in Figure 5, with a particular emphasis on its nonsmooth characteristics.
It is worth noting that, in general, dual functions tend to be non-smooth.

nonsmooth peak

d\\) = )1(1‘151(1\?1 {a} + 202 + M223 — 21 — 22+ 1)}

. . . .
-4 -2 0 2 .4 6 8 10
A-axis

Figure 2: The plot of the dual function d(1) with respect to A

4.1 Exchanging min and max order

In this section, we explore the fundamental principles of duality theory: weak duality and strong duality.

4.1.1 Weak duality

The value of the primal problem (minimization) is always greater than or equal to the value of its dual problem (maxi-
mization). This property is called weak duality. In other words,

.

: . . ifAx=Db
maxd(y) =:|maxmin®(x,y) < minmax ®(x,y) | = min{f(x): Ax = b} = I ) ’
yeR” yeR" xeR? xeR? yeR" Xx€RP +00, if Ax + b.
~——

Dual problem Primal problem

A simple example of weak duality is shown in Figure 3.

Proof of weak duality. Let x* and f* be the solution to the primal problem and its corresponding optimal value, respec-
tively. The primal is given below.

fr= IIGIDIQIFI {f(x) tAX = b} min max {®(x,y) := f(x) + (y, Ax — b)}

~ xeR? yerr
Since Ax* = b, it holds for any y,
O(x*,y) = f* = f(X*) +(y,Ax* —b)
> min { /() +(y, Ax = b)}

= min O(x, y).

x€R?
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fa(z)
/ ()

2>
\ '

Figure 3: Visualization of weak duality in a specific example

mex min f;(z)

Take maximum of both sides in y and note that f* is independent of y:

— > — — *
f* = min max O(x,y) max min ®(x,y) = : max d(y) =d*.

Now, let us analyze the case where the inequality in weak duality is tight; i.e., the concept of strong duality.

4.1.2 Strong duality
To understand the concept of strong duality, let’s first recall the definition of a saddle point.
Definition 3. A point (x*,y*) € R? x R" is called a saddle point of @ if

O(x*,y) < O(x*,y*) < O(x,y*), Yx e R, y e R".

To provide some visual intuition, Figure 4 illustrates what a saddle point looks like.

saddle point x

Figure 4: An illustration of saddle point.

Let us assume that there exists x* and @(x, y) has a saddle point to avoid pathological situations. If the optimal values
of the primal and its dual problem coincide, we say that strong duality holds. Namely, it is the case when we have

ff=fx"= m1n m?Rx O(x,y) = max m]%{n O(x,y) = max d(y) =
P yeR” R” Xx€

The below example shows a case where strong duality holds.
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Example 6. Consider the following primal minimization problem: miny P(x) := f(x) + g(x) := %||x||2 + ||x||; and suppose we
know that strong duality holds?. Then, using conjugation and strong duality

P(x*) = mxin P(x) = mxin m}gx fX)+(x,y)—g"(y), by conjugation
= m)?x -g"(y) + mxin f(x) +(x,y), by changing min-max
= max —g'(y) ~ max{x. ~y) ~ f(x), by min f = ~max
= m}?x -g'(y) - [ (=y). by conjugation.

Thus, we can write the dual problem as d* = maxy d(y) = —g*(y) — f*(-y). Recall that in Example 1 and Example 2, we
found the conjugates of ¢, and ¢;-norm to be f*(-y) = %Ilyll2 and g*(y) = dy.y..<1(y)- Plugging these in yields

1
Primal problem: min P(x) = §||x||2 + |Ixll;

1
Dual problem: m;lx —EIIyII2 = Oyiliylle<1(y)

We can also plot the primal and the dual to visualize the strong duality as in Figure 5. In addition, since our primal is
strongly convex, the dual is expected to be Lipschitz smooth, as evident from the figure.

3 T
—P((x)
—d
2F ) |
1 L
O L
-1 r
2+
-3 I | l L
-3 2 -1 0 1 2 3
d(y) — _%HYHZ, if ||Y||oo <1
—o00,  if[[yllc>1

Figure 5: Primal (in black) and the dual (in red) functions showing the primal minimum and dual maximum coincide at
(x,y) = (0,0).

Necessary and sufficient condition for strong duality
Note that the existence of a saddle point is not automatic even in a convex-concave setting. However, we see the condi-
tions that guarantee strong duality. To this end, let’s define the critical condition that plays a key role:

Definition 4. For the primal problem, Slater’s condition is said to hold if D := relint(dom f) N {x : Ax =b} # 0.

Remark. To provide a more intuitive understanding, we can also explain Slater’s condition as the following.

20ne needs to check if this before applying strong duality result. We will see the conditions under which strong duality holds after this example
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e If domf = R”, then Slater’s condition holds & .

e If domf = R? and instead of Ax = b, we have the feasible set {x : 4(x) < 0}, where h is R? — R? is convex, then

Slater’s condition holds < |3dx : A(X) < 0.

Now, we are ready to state the necessary and sufficient condition for strong duality.

Theorem 4.1. [3, Section 5.3.2](Necessary and sufficient optimality condition) If the primal and dual problems are given by

min  f(x)
* . R? * .=
T { ot Ax= b, and. d” : yern ).

and Slater’s condition is satisfied, then strong duality holds.
This is a very powerful theorem and it will prove valuable as it enables us to interchange the order of max and min!

Proof of Theorem 4.1. We consider the primal problem with f convex, and assume Slater’s condition holds: There exists
X € relint(domf) and Ax = b. In order to simplify the proof, we make two additional assumptions: first that domf has
nonempty interior (hence, relint(domf) = int(domf) ) and second, that rank(A) = n (A € R™?). We assume that f* is finite.
(Since there is a feasible point, we can only have f* = —co or f* finite; if f* = —co, then d* = —co by weak duality.) We
begin by establishing a simple geometric interpretation of the dual function in terms of some sets. First, consider the set
G defined as:

G :={(Ax-b, fx)) € R" xR | x € domf},

which is the set of values taken on by the constraint and objective functions. The optimal value f* is easily expressed in
terms of G as
f* =inflt| (v,f) € G,v =0}

Let A € R" be the dual variable associated with the constraint Ax = b. To evaluate the dual function at A, we minimize the
affine function

n
A, DT (v, 1) = Z Lvi + 1
i=1

over (v,1) € G, i.e., we have
g = inf {4, I (v.0) | (v.1) € G}.

In particular, we see that if the infimum is finite, then the inequality
A D" (v,1) = g()

defines a supporting hyperplane to G. This is sometimes referred to as a nonvertical supporting hyperplane because the
last component of the normal vector is nonzero. Obviously, ¢ > (1, 1)7(v, 1) if v = 0. Therefore

f*=inf{t| (v,t) € G,v = 0}
> inf {(A, D' (v.0) | (v.1) € G.V = 0
> inf {(A, D' (v.0) | (v.1) € G

8(),

i.e., we have weak duality.
Now, we describe a variation on the geometric interpretation of duality in terms of G, which explains why strong
duality obtains for (most) convex problems. We define the set A C R" x R as

A=G+({0}xR,), (6)

or, more explicitly,
A={(v,t)| Ixe domf,Ax—b =, f(x) <1},

10
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We can think of A as a sort of epigraph form of G, since A includes all the points in G, as well as points that are "worse’,
i.e., those with larger objective or inequality constraint function values. We can express the optimal value in terms of A
as

f* =inf{t](0,1) € A}

To evaluate the dual function at a point A, we can minimize the affine function (4, 1)?(v, 1) over A, then
g = inf {4 D' (v | (v.1) € A}.

If the infimum is finite, then
A, D (v, 1) > g(d)

defines a nonvertical supporting hyperplane to A. In particular, since (0, f*) € bd (A)*, we have

=@ 0" (0, %) 2 g, 7)

the weak duality lower bound. Strong duality holds if and only if we have equality in (7) for some dual feasible 4, i.e.,
there exists a nonvertical supporting hyperplane to A at its boundary point (0, f*).
The set A defined in (6) is readily shown to be convex if the underlying problem is convex. We define a second convex
set B as
B={(0,5) eR"xR|s< f*].

The sets A and B do not intersect. To see this, suppose (v,) € AN B. Since (v,7) € Bwe havev = 0,and ¢ < f*. Since
(v,1) € A, there exists an x with Ax —b = 0, and f(x) < ¢ < f*, which is impossible since f* is the optimal value of the
primal problem. By the separating hyperplane theorem [3, Section 2.5.1], there exists (4, ) # 0 and @ such that

v,)eA= A v+ut>a, (8)
v, eB= ATv+ut<a. )

From (8) we conclude that ¢ > 0. (Otherwise ut is unbounded below over A, contradicting (8).) The condition (9) simply
means that ut < o for all 1 < f*, and hence, uf* < a. Together with (8) we conclude that for any x € domf,

ATAX =b) + uf(x) > a > uf*. (10)

Assume that 4 > 0. In that case, since we can express the Lagrangian function as L(x, 1) = f(x) + A" (Ax — b), we can
divide (10) by u to obtain )
L(x, /) > f~

for all x € domf, from which it follows, by minimizing over x, that g(1) > f*, where we define
A=/

By weak duality we have g(1) < f*, so in fact g(1) = f*. This shows that strong duality holds, and that the dual optimum
is attained, at least in the case when u > 0. Now consider the case u = 0. From (10), we conclude that for all x € domf,

AT(Ax —b) > 0. (11)

From~(;l, ) # 0 and u = 0, we conclude that 2 # 0. Then (11) implies that fpr all x € domf, A" (Ax —b) > 0. Butx
satisfies A7 (Ax — b) = 0, and since X € intdomf, there are points in domf with AT (Ax — b) < 0 unless A”4 = 0. This, of
course, contradicts our assumption that rank(A) = n. O

Remark. We have proven two crucial concepts from duality theory. To summarize them,

¢ By definition of f* and d*, we always have (weak duality).

e If a primal solution exists and Slater’s condition holds, we have (strong duality).
3bd(A) is the boundary of set A.
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Example 7. (Slater’s condition) Let us consider solving minsep, f(x) and so the feasible set is D, := X N A,, where
X:={xeR?: x%+x§§ 1}, A, = {xeR? : x;+x = al,

where o € R. Let’s observe two cases where Slater’s condition holds (@ = 1/2) and does not hold (o = V2). We are looking
for a feasible point that satisfies the (convex) inequality constraints strictly. First of all, X is a convex set since x7 + x3 — 1 is
a convex function of x. A, contains only one affine constraint, hence it is also convex. When « = 1/2, we can easily find a
feasible point; e.g., x = (1/4, 1/4) that would satisfy the constraint in X: 4% + 4% < 1 strictly. Hence, Slater’s condition holds.

On the other hand, when a = V2, the only feasible point is x = (1/ V2, 1/ ¥2), which yields ﬁ + \}2)2
does not hold. More geometric intuition can be given in Figure 7, where it becomes evident that the figure on the right

demonstrates an empty set for the relative interior.

= 1. Therefore, it

H B
2, .2 [
ity <18 .
-------------------- e |
o

relative intetior of D = ()

e
relative ingerior of D

Figure 6: D), satisfies Slater’s condition — D 5-does not satisfy Slater’s condition.

5 Performance of optimization algorithms

In general, computing an exact solution x* is impracticable. Therefore, in the unconstrained setting, algorithms usually
seek x that approximates x* up to € > 0 in some sense; i.e., finding x} such that f(x})—f* < e. In constrained optimization
problems, the pursuit of approximate solutions introduces a nuanced perspective that differs from the unconstrained
case.

Consider a scenario where the objective is to minimize a simple convex function under certain constraints. In cases
where you employ an algorithm — one that consistently operates within the feasible set — you can indeed attain e-optimal
solutions, similar to the unconstrained setting. This implies that the solutions generated by the algorithm will approach
the optimal objective value within the € boundary.

On the other hand, the situation is different when you have an algorithm that, alongside minimizing the objective
function, also tries to maintain feasibility but does not rigidly enforce it at all times. In such instances, it is possible for
a sequence of iterations to exhibit strange behavior: the objective values of iterates persistently may remain below the
true minimum, even though our goal is to minimize the function. This phenomenon can be attributed to the algorithm’s
ability to process infeasible points, and then enforce feasibility which can initially yield a smaller objective value. This
trajectory allows the algorithm to approach the minimum from below, showing that the path to approximate optimality
in constraint problems can be far more complicated than in the unconstrained case because the difference f(x}) — f* can
be negative. Therefore, we need an alternative performance metric for such algorithms. A possible metric might be the
time-to-reach e:

time-to-reach € = number of iterations to reach € X per iteration time

Yet, still the notion of e-accuracy is elusive in constrained optimization! We need a better characterization of e-
accurate solutions for the constrained optimization, which we cover in the next section.

5.1 Numerical e-accuracy

The concept of e-accuracy is vague in constrained setting. Therefore, we make a new definition of e-accuracy.

12
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Definition 5. (e-accurate solutions [10]) Given a numerical tolerance € > 0, a point x} € R? is called an e-solution of (3) if
f&xr) — f* < e(objective residual),
JAxF —bll < e (feasibility gap),
e When x* is unique, we can also obtain |[x} — x*|| < € (iterate residual).

That is, we also add a € tolerance to the feasibility gap*. Now, let’s delve into another important aspect of assessing
solution quality— the concept of “duality gap.”

5.2 Duality gap

To assess the quality of solutions, one approach is to measure the disparity in objective values between the primal and
dual problems, known as duality gap. It is particularly interesting since it is 0 at the optimum for most convex problems.
In a formal sense, we can consider the duality gap between a primal solution X and a dual solution § produced by our
algorithm, as a ‘favorable’ value if it satisfies

Gap(x,y) = max P(x,y) — min P(x,y) < €.
yey xeX

Now, we discuss an important characteristic of this gap. To this end, we begin by defining a concept known as the saddle
point.

Definition 6. (Saddle point) We say (x*,y*) is a primal-dual solution corresponding to primal and dual problems

e min  f(x) and d* = max d(y) = max min ®(x, y)
"] st. Ax=b, T yer ¥’= yeR"  x Y

if it is a saddle point of ®(x,y) = f(x) + (y, Ax — b):

O(x*,y) < O™, y*) < O(x,y*), Vx e R, y e R".
Proposition 5.1. Gap(x,y) > 0 for any primal-dual feasible (x,y) and Gap(%, i) = 0 if and only if (x,y) is a saddle point.
Proof. By definition of a saddle point (x*,y*), we have Vx € R”, Vy € R™:

D0, y) € Dt 7)€ Bk, y*).
Then, we can show nonnegativity of Gap:
Gap(x.§) = max O(x.y) ~ mip &(x. )

> O(x,y) - 1)21(\{1 d(x,¥), by the definition of maximization

> O(x*,y*) - 1)1(161)1(1 O(x,y), by the inequality (xx)

> O(x*, ) - r)£1€1§1 O(x,y), by the inequality (x)

>0, by the definition of minimization.
If (x,¥) = (x*,y*), then all the inequalities will be equalities and Gap(x, §) = 0. O

The result of the proof demonstrates the connection between the duality gap and the existence of a saddle point and
that the gap is always nonnegative. Specifically, when the duality gap is equal to zero, it implies the existence of a saddle
point in the optimization problem, indicating a state where both primal and dual problems are optimally solved and
their objective values coincide.

Now, let’s move on to explore another crucial aspect of optimization, known as the Karush-Kuhn-Tucker (KKT)
conditions.

4Note that the tolerances for objective, feasibility gap, or the iterate residual can be different. For the sake of simplicity, we use the same ¢ here.
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5.3 Karush-Kuhn-Tucker (KKT) conditions

Under our assumptions, an equivalent characterization of (x*, y*) is via the KKT conditions of the problem

min f(x) : Ax = b,

xeR?

which reads

0 €0d(x*,y*) =ATy* + 9f(x*),
0 =Vyd(x*,y*)=Ax* —b.

Namely, the subgradient of the Lagrangian function L(x,y) = f(x) + y' (Ax — b) with respect to primal and dual variables
should be in the subdifferential at optimality. With respect to x, we get 0 € o,®(x*,y*) = ATy* + §f(x*), since f is
nonsmooth. We have an affine function with respect to y, hence it is smooth and we have 0 = V,®(x*,y*) = Ax* - b.

Duality and KKT conditions are fundamental concepts when it comes to designing an algorithm and evaluating
its performance in the context of constrained optimization problems. In the following section, we will present a basic
algorithm for tackling such problems.

6 Primal approach: The penalty method

One simple way to deal with constrained optimization is to solve its regularized version. That is, we convert constrained
problem (difficult) to unconstrained (easy) one by penalizing feasibility with penalty parameter u > 0:
- B bl 25 minl o0 - Ax =
Fu() = {fx) + 5 IAx = b | = %;{f(x) : Ax =b).

By selecting an appropriate penalty parameter, one that makes Ax — b approach zero at optimality, we can achieve the
same solution as the constrained approach. If Ax — b is not exactly zero but is relatively small, we can still obtain an
approximate solution. The value of u essentially acts as a weighting factor that allows us to balance the minimization
of the objectives, f(x) and ||Ax — b|?, as per our requirements. As u approaches 0, the problem focuses exclusively on
minimizing f(x), whereas as ¢ tends to infinity, it enforces Ax—b to become exactly 0, reducing to the original constrained
problem. This trade-off is visualized in Figure 7.

in F(x)

| Ax — b][*

T

|Ax —b] =0

Figure 7: Trade-off between ||Ax — b|| and f(x) depending on the value of penalty p.

Furthermore, we can explore alternative functions other than the quadratic %II - |I* e.g., exact nonsmooth penalty
functions: ul|Ax—Db]|, or u||Ax—bl|;. While these options have been proven to yield the exact solution when  is finite, they
are difficult to solve [6, Section 17.2], [1]. The quadratic one we use here is called the Quadratic Penalty (QP) method.

Notice that F,(x) is in the composite form, thus we can use algorithms that we have covered for the unconstrained
nonsmooth case such as the proximal method, acceleration, etc. Intuitively, one can follow a very naive approach to
find an approximate solution for the constrained problem as follows. We pick an initial penalty parameter uy and solve
the problem with one of these methods (e.g. proximal). After obtaining a solution, the penalty parameter is gradually
increased, which effectively increases the penalty for constraint violations. Despite its simplicity, this method can be
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useful in some cases and it lays the foundation for more advanced algorithms (as discussed in the next section), making
it a valuable tool in optimization. The pseudo-code for this can be found below:

Quadratic penalty method (QP):
1. Choose xy € R? and g > 0.
2. Fork=0,1,---, perform:

2.a. X; := arg min {f(x) + &IIAX - bllz}.
xeRP 2
2.b. Update py1 > iy

In the following theorem, we give a convergence property of the QP method.

Theorem 6.1. [6, Theorem 17.1] Assume that f is smooth and py, — co. Then, every limit point X of the sequence {x;} is a solution
of the constrained problem

* 3 . —
x* e argirelﬁgrpl{f(x). Ax = b}.
Proof. Let x* be a global solution of the above problem, that is,
f(x*) < f(x) forall x with Ax = b.

Since x; minimizes Q (x; u) = f(x)+ ’%||Ax—b||2 for each k, we have that Q (x; ux) < Q (x*; ), which leads to the inequality
£ 00+ ELIAX = bIP < fxt) + EFlIAX" = I = £x*). (12)

By rearranging this expression, we obtain
2 2 *
A = DI < - [ o) = o) (13)

Suppose that x is a limit point of {x}, so that there is an infinite subsequence K such that

limx; = X.
keK

By taking the limit as k — oo, k € K, on both sides of (13), we obtain
2
< _ 2 R _ 2 I N _
llAX = bl|" = lim lAx — bi[* < lim " [Fo) = Fow] =0,

where the last equality follows from y T co. Therefore, we have that Ax — b = 0, so that X is feasible. Moreover, by taking
the limit as k — oo for k € X in (12), we have by nonnegativity of x4 and of [|Ax; — b||* that

f ) < f 60+ lim EX A%~ bI” < £x*)
keX 2
Since X is a feasible point whose objective value is no larger than that of the global solution x*, we conclude that X, too, is
a global solution, as claimed. o

This result requires us to find the global minimizer for each subproblem k and the minimization problems of step
2.a. of the algorithm become ill-conditioned as i — oo. Therefore, achieving this convergence to the global solution for
constrained problems is typically not possible in practice. The ways to overcome these limitations could be to

¢ solve the subproblem inexactly, i.e., up to € accuracy, or
e linearize it to simplify subproblems.

We, now, analyze the latter.
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Generalized quadratic penalty method:
1. Choose xo € R?, yyp > 0 and positive semidefinite
matrix Qy.
2. Fork=0,1,---, perform:

— . Hk 2, 1 2
2.0.x = arg min {f(X) + ZIAX = BIP + S lx - xic ||Qk}.
2.b. Update i1 > M-

6.1 Quadratic penalty: Linearization

In the above pseudo-code, we see a challenging subproblem in step 2.a.. To simplify this, we minimize a majorizer, which
provides an upper bound on the original objective function. This majorizer is parameterized by the matrix Q. Moreover,
the choice of Q; and the way to update the penalty can significantly impact the algorithm’s behavior. To address these,
let us examine them more closely.

* Minimize a majorizer: Let F,, (x) := f(x) + %HAX - b||%, then in step 2.a., we will minimize a majorizer of F u(x). That
is, recall the inequality for L-smooth functions &: A(x) < h(xx) + VA(X)" (x — Xi) + %le — x¢|[?, which we refer to as
quadratic majorizer for h (see Lecture 7 for details). Also, notice that %IIAX — b|? is a L-smooth with L = u||A|.
Then, we can define our majorizer

Fl(x) = f(x) + %nAx —b|?

AR
K = xdlP

< 00+ EL 1A%, = BIP + (AT (Axc —b) . x - x) + B x

=: Fi(x).
Then, we minimize the upper bound F}(x) instead of F,, (x).

X4 = argmin F;: (x)
X

1
¥ (Xk - WAT (lAx; — b |.

This yields only one proximal operator instead of solving a difficult subproblem! Now, thanks to the addition of
the semi-norm term, we can also control the step size by carefully selecting Q; and accelerate the algorithm.

e Matrix Q; Choice: The choice of the matrix Q is critical. Different choices lead to different behaviors of the
optimization method. For example:

- Qy = 0 gives the standard QP.
- Qy = I gives strongly convex subproblems.

- Qr=al- ﬂkATA, with a; > /lk||A||2 gives
Xj = Prox i (Xk—1 - &AT(AXk—l - b)),
L3 (0773
and picking a; = llA|* gives

L
IAIP

X; = prox_1_; (xk_l - AT(AXx_ — b)).

g lIAIZ -

Notice that with careful choice of Q and «;, we just need to apply only one proximal operator, making it amenable to
practical implementation. The ease of using the proximal operator in this context can be attributed to its fundamental
properties, which are as follows:

e single valued & non-expansive since f is a proper convex function.
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Linearized QP method (LQP) ‘ Accelerated linearized QP method (ALQP)

1. Choose xg € R?, 09 = 1, g > 0. 1. Choose x¢,y, € R?, 79 = 1, g > 0.
2.Fork=0,1,---: 2.Fork=0,1,---:
2. X1 = PIOX_1_ - HoATA )] 220 %0 0= Prox 1 £ (%~ AT Ay, - b).
2.b. Update o7, s.t. & 0‘_’;*}" +. 2b.y,,) = Xt + BTG - X)),
2.c. Update pys1 = okst- 2.c. Update pr1 = pr(l + Tgs1).
2.d. Update 74 € (0, 1) as the unique positive
rootof * + > + i1 — 77 = 0.

Table 1: Comparison of LQP and ALQP methods.

e distributes when the primal problem has decomposable structure:
f00 1= Y fitx), and X = Xi XXX,

where m > 1 is the number of components.

e often efficient & has closed form expression. For instance, if f(z) = ||zll;, then the prox-operator performs coordinate-
wise soft-thresholding by 1.

When we update the penalty parameter with Linear QP method (LQP) as described in Table 1(left), we achieve a vk
convergence rate. Alternatively, we can employ an accelerated LQP (ALQP) as in Table 1(right) to convert this into a ;
rate. The following theorem summarizes these convergence rates.

Theorem 6.2 (Convergence [11]). The convergence rates for the LQP and ALQP methods are as follows:

e LQP:
|fx0) = fa) <O(pok™ + 41" k'7?)
1A% = bl| <O(up'k'7)

o ALQP:
|f () = f(x™) < O(uok™ 1 + 41" k™)
1A% = bl| < O(up'k™")

6.1.1 LOQP and ALQP in practice

In practice, these methods rarely work better than the worst case. To illustrate this, consider a nonsmooth problem:
Square-root Least Absolute Shrinkage and Selection Operator (SQRT Lasso), defined as

min [|JAx — bl|> + A||x];.
XER?

Figure 8 presents the performance of ALQP on this problem. By visual inspection, we can easily see the ;1 convergence
rate (starred blue line). However, its performance is still very close to the worst case scenarios. Thus, we will explore
algorithms with superior performance in Lecture 14.
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Figure 8: The performance of ALQP on SQRT Lasso.
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